The Dirac equation in curved spacetimes is formulated using coordinate-free notation. A Lagrangean density which corresponds to the subject equation is presented. It is shown that the subject equation is invariant under a local rotation of the coframe. It is shown that the current is independent of the local orientation of the coframe and that it is conserved. It is shown that the subject equation has an equivalent formulation which uses the Christoffel gamma. A calculation of the stress-energy tensor in teleparallel gravity replicates the result that a version of the teleparallel equivalent of general relativity is inconsistent in the presence of a Dirac field.
Introduction
The Dirac equation in curved spacetimes has previously been studied [1] [2] [3] . A coordinate-free form different from the one in this article is in [4] . In this article, the Dirac equation in curved spacetimes is formulated using coordinate-free notation. The layout of this article is: In section 2, I show that the Dirac equation in curved spacetimes is derived from the Dirac Lagrangean. In section 3, I show that the subject equation is invariant under a local rotation of the coframe. In section 4, I show that the current is conserved. In section 5, I show that the subject equation has an equivalent formulation which uses the Christoffel gamma. Appendix 1 contains a proof that ω has the same values as the rotational part of the torsion-free Cartan connection (θ, ω) : T(M 4 ) → euc (3, 1) . In Appendix 2, a calculation of the stress-energy tensor of the Dirac field in teleparallel gravity replicates the result that a version of the teleparallel equivalent of general relativity is inconsistent in the presence of a Dirac field.
For a curved spacetimes Dirac equation, we usually use a coframe 1-form θ : T(M 4 ) → R 4 and a dual vector field θ j (v k ) = δ 
Latin indices are Lorentzian and Greek indices are spacetime indices. Latin indices are raised or lowered using the Minkowski metric:
The coframe θ can be expressed using the coordinate 1-forms,
and the metric is, g µν = η ab θ 
In differential geometry style [5] , vectors are represented as derivatives, so v a Ψ is an equivalent notation to dΨ(v a ). ω is antisymmetric in its two indices:
so these two terms are equal:
e is the electric charge of the particle. A is the electromagnetic potential represented as a 1-form. An alternative formulation for the Dirac equation in curved spacetimes is,
As a side note, ω has the same values as the rotational part of the torsionfree Cartan connection (θ, ω) : T(M 4 ) → euc(3, 1) because ω is antisymmetric and follows the equation,
The proof is in Appendix 1. In this article, the Hodge dual is defined as,
This means that,
The current is usually defined as
In curved spacetimes, we would like the current to be conserved,
We would also like that if Ψ 1 is a solution of the curved spacetimes Dirac equation with coframe θ 1 , and θ 2 another coframe for the same metric, then for a solution Ψ 2 of the curved spacetimes Dirac equation with coframe θ 2 to exist that has the same current:
Lagrangean density
The Lagrangean density which corresponds to the Dirac equation in curved spacetimes is,
To show that this Lagrangean density corresponds to the Dirac equation in curved spacetimes, I proceed in the usual manner, setting up a region of spacetime and a small variation of the field δΨ which vanishes on the region boundary. The variation of the Lagrangean density is,
so,
Substituting this, I get,
Using equations (151) - (154), it can be gathered that,
Comparing with the Dirac equation in curved spacetimes and its Hermitean conjugate (equation (147)),
it can be seen that the field equation from this Lagrangean density is the same equation. Because the variation in the Lagrangean density is real up to a 4-divergence, the following Lagrangean density is equivalent up to a 4-divergence:
Using,
The previous Lagrangean density corresponds to the action, 
That this works can be checked:
The last equation holds because Λ is in SO(3, 1). Λ can be expressed as,
The notation I 
I suppose there is a solution Ψ 1 with coframe θ 1 and look for another solution Ψ 2 with coframe θ 2 which has the same current:
with, 
I have,
then the equation becomes,
The last equation holds because Λ is in SO(3, 1). Coframe transformations can be composited. Given two coframe trans-
which makes this diagram commute:
Because the end values of the fields θ and Ψ are the same for whichever path is taken in the previous commutative diagram, and θ and Ψ are the only fields which enter the current and the Lagrangean which are affected by a coframe transformation, it follows that (Λ 3 , Λ 2 ) leave the current and the Lagrangean invariant.
An arbitrary coframe transformation Λ arbitrary can be decomposed into Euler angles:
The coframe transformations Λ 1 through Λ 6 have all but one of the k ab equal to 0 everywhere in spacetime. Without loss of generality, I can assume that for Λ all but one of the k ab are zero everywhere in spacetime and that,
It can be checked that Λ 1 2 as defined in equation (77) follows equation (63): I denote r and s the fixed indices of the Euler angle with r < s. If k rs is a spatial rotation, then,
The case a = s is similar by antisymmetry. If k rs is a boost, the proof is similar, mutatis mutandis. 
then,
If Ψ 1 follows the wave equation with coframe θ 1 , then the right side of the previous equation is a 4-divergence, and therefore Ψ 2 follows the wave equation with coframe θ 2 .
Following is a calculation that shows equation (91):
Because θ 1 and θ 2 represent the same metric, the Hodge dual is the same using either coframe.
The second term on the right of equation (95) is,
I apply, Λ −1
to the third term on the right of equation (95):
The fourth term on the right of equation (95) is,
Because all but one of the k bc are 0 everywhere in spacetime, Λ 1 2 commutes with its derivative:
The fifth term on the right of equation (95) is,
with,
Raising the index a, the first term inside the parentheses on the right of the previous equation is,
The first term on the right of the previous equation is,
Because all but one of the k de are 0 everywhere in spacetime, Λ commutes with its derivative. A typical term of the power series expansion of Λ = exp(k de I de ) is,
Its derivative is,
So the derivative of Λ is,
So the right side of equation (112) becomes,
The second term on the right of equation (111) is,
Lowering the index a, I get,
Similarly,
and because k is antisymmetric,
The fifth term on the right of equation (95) becomes,
Gathering terms, equation (95) becomes,
This shows that the Lagrangean density is independent of the local orientation of the coframe.
Conservation of current
So,
Substituting v a Ψ = − * (dΨ ∧ * θ a ) in the Dirac equation in curved spacetimes, I get,
Its Hermitean conjugate is,
Multiplying by γ 0 on the right,
The current is,
Conservation of current means, * dj = 0
Using equations (143) and (147),
The products of three different gammas cancel leaving,
For the last term,
And the equation for the conservation of current becomes,
Alternative formulation
The term,
can be written in an alternative formulation:
Writing the Christoffel gamma as,
and using that,
the Christoffel gamma becomes,
Inserting into the equation for ω, I get,
An alternative formulation for the Dirac equation in curved spacetimes is,
Appendix 1
ω has the same values as the rotational part of the torsion-free Cartan connection (θ, ω) : T(M 4 ) → euc(3, 1) because ω is antisymmetric and follows the equation,
To prove equation (176):
To prove that equation (176) is the formula for the torsion: The formula for the curvature of a Cartan connection ξ is [5] ,
with the commutator evaluated in a Lie algebra. For the Cartan connection (θ, ω) : T(M 4 ) → euc(3, 1), the torsion is the translational part of the curvature:
To simplify:
so the torsion is,
Some of the generators of Euc(3, 1) are, 
They follow the commutation relations,
In this appendix, the values of ω are combinations of J matrices:
The rotation generators are duplicated (for example, there is J 21 in addition to J 12 ), hence the factor . Formula (189) applied to the vectors U and V gives,
So the torsion is,
Appendix 2
In this appendix, I calculate the stress-energy tensor of the electromagnetic and Dirac fields in teleparallel gravity. The result is asymmetric, which is a known inconsistency [7] [8] in a version of the teleparallel equivalent of general relativity [6] in the presence of a Dirac field. The Lagrangean density is,
To calculate the stress-energy tensor in teleparallel gravity, I set up a small variation of the coframe which vanishes on the region boundary. The variation in the Lagrangean density is,
The first term on the right of equation (199) is,
Denoting,
the first term can be written as,
The second term on the right of equation (199) is, 
The second term on the right of equation (237) 
The last term of equation (199) is,
The variation of the Lagrangean density can be expressed as,
with T m being the stress-energy tensor. Gathering terms, it is, 
T can also be written as,
In flat spacetime with the Minkowski metric and with the coframe being the coordinate differentials, T becomes,
